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SECOND ORDER ESTIMATES FOR TRANSITION LAYERS AND A
CURVATURE ESTIMATE FOR THE PARABOLIC ALLEN–CAHN
HUY THE NGUYEN AND SHENGWENWANG
ABSTRACT. The parabolic Allen–Cahn equation is a semilinear partial differential equa-
tion linked to the mean curvature flow by a singular perturbation. We show an improved
convergence property of the parabolic Allen–Cahn equation to the mean curvature flow,
which is the parabolic analogue of the improved convergence property of the elliptic Allen–
Cahn to minimal surfaces by Wang-Wei [WW19a] and Chodosh-Mantoulidis [CM20].
More precisely, we show if the phase-transition level sets are converging in C2, then
they converge in C2,θ . As an application, we obtain a curvature estimate for parabolic
Allen–Cahn equation, which can be viewed as a diffused version of Brakke’s [Bra78] and
White’s [Whi05] regularity theorem for mean curvature flow.
1. INTRODUCTION
The parabolic Allen–Cahn equation
(1.1)
∂
∂t
u = ∆u−W ′(u)
is an evolution equation that models the diffusion-reaction dynamics of phase transition. It
is the gradient flow of the Allen–Cahn phase separation energy
E(u) =
∫
1
2
|∇u|2 +W (u)
whereW (u) : R→ R is a double-well shaped potential function.
Geometrically, the Allen–Cahn equation has a close relationship with mean curvature
flow through its singularly perturbed version
(1.2)
∂
∂t
uε = ∆uε − W
′(uε)
ε2
.
The two equations are related by the parabolic scaling uε(x, t) = u(x
ε
, t
ε2
). In particular,
equation is not scale invariant but uε satisfies an ε-equation of the same form but with a
different parameter. It was shown by Ilmanen [Ilm93] that as the parameter ε → 0, the
energy measure
dµε(u) =
[
1
2
ε|∇uε|2 + W (u
ε)
ε
]
dx
of the ε-solution converges in the sense of varifolds to Brakke’s weak mean curvature
flow. Moreover, the limit Brakke flow is integer multiplicity a.e. by Tonegawa [T+03].
Hence the parabolic Allen-Cahn is a model for the flow of mean curvature flow through
singularities. In particular, note that the equation is a subcritical semilinear equation and
hence does not form singularities as t → ∞. This property makes the flow an appealing
candidate for weak mean curvature flow.
For geometric applications, it is necessary to obtain higher regularity for the conver-
gence. In the elliptic setting, Caffarelli-Cordoba [CC06] showed that the transition layers
1
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of stable phase transitions have uniform C1,θ regularity (independent of ε) and Wang-
Wei [WW19a,WW19b] proved that stable transition layers converges in a stronger C2,θ
sense to the limit minimal surfaces. Using an improvement of the convergence in dimen-
sion 3, Chodosh-Mantoulidis [CM20] proved that the min-max minimal surfaces obtained
from the Allen–Cahn construction in a generic 3-manifold has multiplicity 1 and expected
index. This gives an alternative proof of Yau’s conjecture of existence of infinitely many
minimal surfaces. These results differ from the methods used in [Ilm93], [T+03]. They
do not use geometric measure theoretic techniques, but instead uses a Lyapaunov-Schmidt
reduction developed in Pacard-Ritore´ [PR03] except that where as Pacard-Ritore´ uses the
reduction to construct solutions to the Allen–Cahn equation given a minimal surface, the
above papers infer results about limiting the minimal surface from the Allen–Cahn equa-
tion.
Motivated by the work of [WW19a,WW19b] and [CM20] in the elliptic setting, we
initiate the corresponding regularity theory for parabolic Allen–Cahn. In particular, we
prove for low entropy parabolic Allen–Cahn flow, we have an improved convergence of
their transition layers to mean curvature flow. The motivation in the elliptic setting was
minimal surfaces, in particular a proof Yau’s conjecture, in the parabolic setting, the corre-
sponding problem is the multiplicity 1 conjecture for mean curvature flow by Ilmanen. It is
expected that the parabolic Allen–Cahn equation and its improved convergence properties
will have applications in understanding mean curvature flow and its singularities. The key
idea in this paper is a parabolic analogue of the Lyapaunov-Schmidt reduction, (4.1). In
the parabolic case, this was first used in [dPG18a] and [dPG18b].
Using this approximation, we prove the following theorem, which improves the regu-
larity of level sets
Theorem 1.1. Let uε be a solution of (2.1) in a space-time open set B2(0) × [−2, 2] ⊂
R
n × R such that ∇xuε 6= 0 and {u = 0} 6= ∅ for t ∈ [−2, 2]. Furthermore let us
assume that the entropy satisfies λε(u) < 2α, and the enhanced second fundamental form
is uniformly bounded byA(uε) ≤ C (see section 2 for the definition), whereC is a uniform
constant independent of ε.
Then the nodal sets {uε = 0} converge in C2,θ to a smooth mean curvature flow in
B1(0)× [−1, 1] ⊂ Rn × R.
In particular, the spatial Cθ Ho¨lder norm of the second fundamental form of the nodal
sets and the C1,
θ
2 norm of the time derivatives are uniformly bounded on compact subsets.
Remark 1.2. This theorem is the parabolic analogue of Theorem 1 in [WW19b], where
the stability condition in the elliptic setting is replaced by a low entropy condition. We
note that the low entropy condition ensures that we only have one transition layer which
substantially simplifies the analysis. In particular, we are not required to model interac-
tions between separate layers and hence do not need Toda systems. We will remove this
restriction in a future work.
The condition in the theorem implicitly implies the limit mean curvature flow is smooth,
becauseC2 bounds implyC1,θ convergence of the transition layers, and standard regularity
theory for quasilinear parabolic partial differential equations allows us to bootstrap C1,θ
bounds to C∞ smoothness of the limit flow.
Theorem 1.3. Suppose uε is a solution of (2.1) in a space-time open setB2(0)× [−2, 2] ⊂
R
n × R such that the entropy λε(u) < 2α, the nodal sets Γε,t = {uε(x, t) = 0} of uε
in B2(0) × [−2, 2] can be represented by a Lipschitz graph over the limit mean curvature
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flow Σt as
Γε,t = GraphΣtfε,t
with the C1,θ norm of fε,t uniformly bounded in B2(0)× [−2, 2].
Then the same conclusion as in Theorem 1.1 holds.
Remark 1.4. This is the analogue of Corollary 1.2 in [WW19b]. In the elliptic case, stabil-
ity guarantees the flatness of limit, since we cannot guarantee the limit being flat, the nodal
sets are graphical over the limit flow instead of over a hyperplane as in [WW19b]. We will
require this theorem in a subsequent paper, where we will prove a Brakke type regularity
theorem for the parabolic Allen–Cahn equation.
Corollary 1.5. For any δ0 > 0 there exists a C0 > 0 so that if uε˜ is a solution of (2.1) with
ε = ε˜ defined onBr(0)×[−r2, r2] ⊂ R2×R, uε˜(0, 0) = 0 and entropy λε˜(uε˜) ≤ 2α−δ0,
then the enhanced second fundamental form satisfies
A(uε˜(0, 0)) ≤ C0
r
with C0 independent of ε˜.
As a consequence, we also obtain a gap theorem that the only ancient solution that
represents phase transition in R2 for every t ∈ (−∞,∞] to parabolic Allen–Cahn with
entropy below 2α is the trivial static solution with flat level sets.
We also obtain an improvement in the regularity of convergence result of [Tru08]. We
show the level sets of parabolic Allen–Cahn converges in C2,θ to the curve shortening flow
in R2 when entropy is below 2α.
Remark 1.6. This can be viewed as a relaxation of curvature estimates in Brakke’s [Bra78]
and White’s [Whi05] for case of curve shortening flow. In higher dimensions, the ingredi-
ents that we’re still lacking to prove this is the rigidity of eternal solution to the parabolic
Allen–Cahn equation with unit density at infinity, such rigidity theorems are usually an
ingredient in the proof of curvature estimate in a blow up argument.
The entropy bound is sharp in the sense that for a limit curve shortening flow, there is a
counter-example of the Grim Reaper as an eternal solution, whose entropy is 2 , but can be
rescaled to have arbitrarily large curvature.
This paper is organised as follows: in section 2 we standardise our notation and provide
backgroundmaterial for the parabolic Allen–Cahn equations. We also prove rigidity of the
entropy minimizing solution for eternal solutions of Allen–Cahn in dimension 2 in section
3, which will be necessary in blow-up subsequent arguments. In section 4 and section 5 we
carry out the main estimates and prove the main theorems. Finally in section 7 we prove
the curvature estimates of low entropy solutions, Corollary 1.5.
Acknowledgements. This research was supported by EPSRC grant EP/S012907/1.
2. PRELIMINARIES AND NOTATIONS
2.1. Preliminaries about Allen–Cahn and the explicit 1-d heteroclinic solution. We
will pick up some notations that will be followed for the rest of the paper.
The solutions to the Allen–Cahn equation with parameter ε are not invariant under stan-
dard parabolic rescaling. However, the rescaled solution satisfies equations of the same
form but with a different parameter. We say uε : Rn × R→ R satisfies the ε-equation if
(2.1)
∂
∂t
uε = ∆uε − W
′(uε)
ε2
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and say u : Rn × R→ R satisfies the 1-equation if
(2.2)
∂
∂t
u = ∆u−W ′(u).
We will also fix the double potential to be a typical one W (u) = 14 (1 − u2)2, but the
analysis in this paper generalises automatically to any other double well potentials with
similar asymptotics and well shapes. The 2 global minima ±1 of the potential function
represents 2 phase and u describes the continuous change from one phase to another.
Under parabolic rescaling, it is not hard to see that if u(x, t) satisfies equation (2.2),
then uε = u
(
x
ε
, t
ε2
)
satisfies equation (2.1).
A static solution to the Allen–Cahn equation (2.2) is a function u : Rn → R that
satisfies the elliptic equation
(2.3) ∆u−W ′(u) = 0
and represents an equilibrium state of phase transition in Rn.
Two trivial solutions to the equation that do not represent phase transitions are
u(x) = ±1
which is the equilibrium state when there is only one phase (either one of the 2 phases±1)
in the whole region Rn.
In dimension 1, one can find explicitly the next simplest solution which represents a
phase transition by solving the ordinary differential equation
g′′(x) −W ′(g) = 0
where g : R→ R.
And the explicit solution whenW (u) = 14 (1 − u2)2 is
g(x) = tanh(x).
By scaling and crossing with Rn−1, we also obtain standing wave solutions to (2.1)
with any ε parameter and in any dimensions
(2.4) gε(x, t) = gε(x1, ..., xn, t) = tanh
(xn
ε
)
.
We denote the total energy of the standing wave
α = E(g) =
∫ ∞
−∞
g′2(x) dx.
By [Ilm93], the energy measure
dµε(u) =
[
1
2
ε|∇uε|2 + W (u
ε)
ε
]
dx
converges as ε → 0 to an (n − 1) rectifiable varifold µt for a.e.t and that µt is a mean
curvature flow in the sense of Brakke. Moreover by [T+03], the limit varifold is integer
multiplicity in the sense that it has density an integer multiple of α a.e.
Similar to Brakke’s integral form of mean curvature flow, there is an ε version of the
integral form of the parabolic Allen–Cahn equation
d
dt
∫
φdµεt = −
∫
εφ
(
∆uε − W
′(uε)
ε
)2
dx− δV εt (Dφ)−
∫
ν ⊗ ν : D2φdξεt .
(2.5)
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The measure
dξε,t =
[
ε
2
|∇uε|2 − W (uε)
ε
]
dx
is called the discrepancymeasure and it is shown to converge to 0 in L1 as ε→ 0 in [Ilm93,
Son97,T+03] and δV εt is the first variation of the corresponding varifold (see [Ilm93] for
details how to consider u(x, t) as a general moving varifold whose density is the energy
density dµεt ).
Based on Huisken’s monotonicity formula in mean curvature flow, Ilmanen in [Ilm93]
found an almost monotonicity formula for the ε-parabolic Allen–Cahn equation 2.1
d
dt
∫
Rn
Ψy,sdµε(uε)
=−
∫
Rn
εΨy,s
(
∆uε − W
′(uε)
ε2
+
∇uε · ∇Ψy,s
Ψy,s
)
+
∫
Rn
1
2(s− t)Ψy,s
[
ε
2
|∇u− ε|2 − W (u − ε)
ε
]
dx
=−
∫
Rn
εΨy,s
(
∆uε − W
′(uε)
ε2
+
∇uε · ∇Ψy,s
Ψy,s
)
+
∫
Rn
1
2(s− t)Ψy,s dξε,t
(2.6)
whereΨy,s(x, t) =
1
(4pi(s−t))
n−1
2
e
−
|x−y|2
4(s−t) is the (n−1)-dimensional backward heat kernel
centered at y ∈ Rn with scale s ∈ R+.
It is also computed in [Ilm93] (section 4) that non-positivity of the discrepancy is pre-
served along time and thus the almost monotonicity formula is monotone for initial data
with non-positive discrepancy.
2.2. Entropy. Motivated by Colding-Minicozzi’s [CM12] entropy in mean curvature flow,
we introduce the Allen–Cahn entropy functional λε associated to the energy Eε on the
space of functions on Rn by
λε(u) = sup
s,y,ρ
∫
Φy,s(x, 0) dµρε(uρ)
= sup
y,s,ρ
∫
1
(4πs)
n−1
2
e−
|x−y|2
4s dµρε(uρ)
where uρ(x) = u(
x
ρ
), dµρε(u) =
[
ερ|∇u|2
2 +
W (u)
ερ
]
. dx
By definition, this entropy is also invariant under the scaling uρ(x) = u(
x
ρ
). We also
notice that, by an observation of Sun [Sun18], if the entropy λ is below 2α, then the limit
mean curvature flow has unit density.
2.3. Geometry of Allen–Cahn and level sets. For a non-degenerate point x ∈ Rn with
|∇u| 6= 0, the normal vector of the level set is given by ν(x) = ∇u|∇u| .
The enhanced second fundamental form of u is defined by
A(u) = ∇
( ∇u
|∇u|
)
(2.7)
and
|A(u)| =
∣∣∣∣∇
( ∇u
|∇u|
)∣∣∣∣
=
√|∇2u|2 − |∇|∇u||2
|∇u| .
(2.8)
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The enhanced second fundamental form bounds the second fundamental form of level
sets, and it is not hard to see that |A(u)| = 0 implies that ∇u|∇u| is a parallel vector field and
thus u has to have flat level sets.
If the second fundamental form is bounded as in the condition of Theorem 1.1, then the
level sets can be written locally as C1,θ graphs.
2.4. Fermi Coordinates. In this subsection we introduce the Fermi coordinates near a
neighbourhood a family of moving hypersurfaces Σt ⊂ Rn. For δ > 0 small enough, the
δ neighbourhood Nδ(Σt) × (−δ, δ) ⊂ Rn × R of Σt where the nearest point projection
is well defined. We can parametrise Nδ(Σt) × (−δ, δ) by (x, t) = (y, w, t) where y are
local coordinates on Σt (for a sufficiently small neighbourhood, one can use the same y
coordinate for every t), and w = distΣt(x).
By the conditions in Theorem 1.1 and Theorem 1.3, the nodal sets Γt of the solution
u(x, t) of equation (2.2) can be written as a local Lipschitz graphs Γt = {w = f(y, t)}
over Σt, here Σt is chosen to be the limit mean curvature flow.
For the nodal set Γt, we denote its upper normal vector field byNt and we use the same
coordinate on Σt to parametrise Γt by the nearest point projection.
We denote by dt the signed distance function to Γt, which is positive in the upper side.
And we denote Γz,t = {dt = z}, which is well defined for small z and (y, z) is local Fermi
coordinate in a neighbourhood of Γt.
Let∇Σ,∇Γt ,∇Γz,t denote the covariant derivatives with respect to the induced metrics
on Σ,Γt,Γz,t respectively.
We can compute the second fundamental form and mean curvature of the nodal sets,
they are given by
AΓt = AGraphf
= ∇Σ
(
∇Σf√
1 + |∇Σf |2
)
(2.9)
and
HΓt = HGraphf
= divΣ
(
∇Σf√
1 + |∇Σf |2
)
.
(2.10)
The normal velocity of the nodal sets are given by 1√
1+|∇Σf |2
∂f
∂t
.
In the Fermi coordinates, the Laplacian operator is
(2.11) ∆x = ∆y + ∂
2
z +HΓz,t∂z
where HΓz,t = div(∂z) is the mean curvature scalar of Γz,t with respect to the normal
∂z . Here we adopt the sign convention that mean curvature vector of the sets Γz,t to be
~H = −H∂z = −div(∂z)∂z
3. RIGIDITY OF ENTROPY MINIMIZING ANCIENT/ETERNAL SOLUTIONS TO (2.2)
The 1-d standing wave solution (2.4) is the analogue of the static plane solution in mean
curvature flow. And the rigidity of such 1-d standing wave solutions is an ingredient in the
proof curvature estimates using blow up arguments.
We first recall the following rigidity theorem due to Wang [Wan17] (c.f. [GMN]) for
the 1-d standing wave solution of elliptic Allen–Cahn equation in any dimension (we state
here an equivalent form in terms of entropy).
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Theorem 3.1 (Theorem 11.1 of [Wan17]). There exists δ > 0 such that if u is a solution
to the static solution (2.3) with
λ1(u) ≤ α+ δ
then u has to be the 1-d standing wave solution (2.4) with flat level sets up to a rotation
and translation.
Next we obtain a rigidity in the parabolic setting of eternal solution with entropy α.
Theorem 3.2. Suppose u : R2 × R→ R is a solution of (2.2) in R2 with
sup
t∈R
λ1(u(·, t)) ≤ α
and that u represents phase transition for every t ∈ R then u is the static 1-d standing
wave solution (2.4) with flat level sets (up to a rotation and translation).
Proof. From the eternal solution u we construct a family of functions u˜ε(x, t) = u(x
ε
, t
ε2
)
satisfying the ε-equation (2.1). We know that the energymeasures 1
α
dµ˜ε = 1
α
(12ε|∇u˜ε|2+
W ′(u˜ε)
ε
dx) of the sequence subconverges to an integral Brakke flow {µt} with integer
multiplicity by [Ilm93, T+03]. Moreover the discrepancy measure |ξε| = | 12ε|∇u˜ε|2 −
W ′(u˜ε)
ε
| dx→ 0 inL1. Furthermore, by choosing a subsequence, the convergence 1
α
dµ˜ε →
dµt holds for every t.
Since the entropy is lower semicontinuous, the limit Brakke flow {µt} has entropy at
most α
α
= 1 and furthermore it is non-empty. Hence it is a static planar solution. By
section 9 in [Ilm93], the transport term converges
lim
ε→0
∫
R2
−εDφ ·Du˜ε
(
−∆u˜ε + W
′(u˜ε)
ε2
)
dx = δV (Dφ) = 0
because the limit Brakke flow is flat and has mean curvature zero, the convergence of the
discrepancy to zero for that particular time slice is guaranteed by [RS06] (note in [Ilm93]
one only gets vanishing discrepancy for a.e. time and we need it to vanish for this particular
time).
Now since the limit Brakke flow is obtained from blowing down the original eternal
solution u to the parabolic equation, each element in the sequence is a rescaling of u.
And the integral
∫
R2
−εDφ · Du˜ε
(
−∆u˜ε + W ′(u˜ε)
ε2
)
dx is scale invariant in dimension
2, which converges to 0 in the limit because the limit flow is a static solution. This forces
that back at the original scale the integral has vanish for a particular time slice we have
ut = ∆u˜ −W ′(u) = 0, by the rigidity in elliptic case Theorem 3.1, it is the 1-d standing
wave solution with flat slice for that particular time and thus the whole eternal solution is
static 1-d standing wave solution by uniqueness of the Cauchy problem. 
4. THE APPROXIMATE SOLUTION
We construct an approximate solution out of the zero sets of a parabolic Allen–Cahn
(2.2) by composing the local distance function to Γ with the 1-d standing wave solution,
and we want to show the approximation is well controlled if the zero sets are sufficiently
non-collapsed.
For nodal sets Γε of solutions uε to the equations (2.1) with different ε, we rescale
uε(x, t) = u
ε(εx, ε2t) so that uε satisfies (2.2). Correspondingly we denote by Γε,t the
nodal sets of uε(·, t), fε(·, t) = fε,t the graph function of Γε,t as a graph of over Σt, and
dε,t the signed distance to Γε,t. Moreover we denote Γε,z,t = {dε,t = z} for small z so
that dε,t is well defined.
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Similar to section 9 of [WW19a], we choose g¯ to be a smooth cutoff approximation at
infinity of the 1-d standing wave solution g with well controlled errors
g¯(x) = ζ(3| log ε|x)g(x) + (1− ζ(3| log ε|x))sgn(x)
where ζ is a smooth cutoff function supported in (−2, 2) with ζ ≡ 1 in (−1, 1) and |ζ′|+
|ζ′′| ≤ 16, and sgn = x|x| is the sign function.
We have
g¯′′ =W (g¯) + η¯
with
spt(η¯) ⊂ {3| log ε| ≤ |x| ≤ 6| log ε|}
|η¯|+ |η¯′|+ |η¯′′| ≤ O(ε3)∫
g¯′2 = α+O(ε3).
We define for each h ∈ C2(Γ0)
(4.1) g∗ε (y, z, t) = g¯(dε,t − h(y, t)).
Here h(y, t) : Γt → R is used to obtain an optimal approximation to offset the effect from
mean curvature of the nodal sets Γt. The existence of h is guaranteed by Proposition 9.1
0f [WW19a], stating that there exists a function h with |h| << 1 such that
∫ ∞
−∞
(u− g∗)(g∗)′ dz.
We denote φε = uε − g∗ε . We compute in the (y, z, t) coordinates
∂g∗ε
∂t
−∆g∗ε
=g¯′(z − h) ·
(
− 1√
1 + |∇Σf |2
· ∂fε
∂t
− ∂h
∂t
)
− g¯′′(z)−HΓε,z,t g¯′(z) + g¯′(z − h)∆Γε,z,th
− g¯′′(z − h)|∇h|2.
(4.2)
Here 1√
1+|∇Σfε|2
· ∂fε
∂t
is the normal velocity of the nodal sets Γ0,t = GraphΣfε,t. It
cancels out the mean curvature term of the nodal sets up to small error as ε → 0 by the
convergence to the mean curvature flow for the unscaled equation as ε→ 0.
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We compute the equation for φε as follows
(
∂
∂t
−∆
)
φε
=
(
∂
∂t
−∆Γε,z,t − ∂2z −HΓε,z,t∂z
)
φε
=−W ′(φε + g∗ε) +W ′(g∗ε ) + η¯ − g¯′(z − h) ·
(
− 1√
1 + |∇Σfε|2
· ∂fε
∂t
− ∂h
∂t
)
+HΓε,z,t g¯
′(z)
− g¯′(z − h)∆Γz,th+ g¯′′(z − h)|∇h|2
=− [W ′(φ+ g∗ε )−W ′(g∗ε ]) +
[
g¯′
(
∂h
∂t
−∆Γε,z,th+HΓε,z,t
)]
+ [g¯′′|∇h|2]
+
[
g¯′
1√
1 + |∇Σf |2
· ∂f
∂t
]
+ η¯
=I + II + III + IV + η¯.
(4.3)
Term I is −W ′(φε + g∗ε ) +W ′(gε) = −W ′′(gε)φε +R(φε) which have Ho¨lder norms
bounded by the Ho¨lder norms of φε.
Term III is bounded by the C2,θ norm of h, which again is bounded by the C2,θ norms
of φ by an interpolation inequality. (cf [WW19a, pp 58 (4)]).
We will estimate the Ho¨lder norm of Term II + Term IV and show they are sufficiently
small.
g¯′
[
∂h
∂t
−∆Γε,z,th+HΓε,z,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
=g¯′
[
∂h
∂t
−∆Γε,z,th+
(
1√
1 + |∇Σf |2
· ∂f
∂t
+HΓε,z,t
)]
.
(4.4)
The term
(
∂
∂t
−∆Γε,z,t
)
h will be estimated by deriving the corresponding equation
and proving parabolic Schauder estimates as in Appendix B of Wang-Wei [WW19a].
The term
(
1√
1+|∇Σf |2
· ∂f
∂t
+HΓε,z,t
)
will be estimated using the fact that the nodal
set converges to the MCF inC1,θ sense when there is uniform enhanced second fundamen-
tal form bound independent of ε as in assumed in Theorem 1.1 (as ε→ 0).
We will also need later the error estimates of geometries of Γε,z,t and Γε,0,t = Γε,t.
First by the assumptions of uniform enhanced second fundamental formAε = ∇
(
∇uε
|∇uε|
)
≤
C0 bounds, we have by rescaling
(4.5)
Aε
ε
≤ C0.
This shows the level sets of the rescaled solution uε is C0 · ε are close in C2 norm to
a flat solution tanh(xn) in spatial directions, and thus uε is C0 · ε close in C2 to the flat
solution tanh(xn) in spatial directions.
By the equation ∂
∂t
uε = ∆uε+W
′(uε), and the uniform boundedness of derivatives of
the potential functionW , we have that uε is C¯0 · ε close in C1 norm in time t direction to
the flat solution tanh(xn).
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Thus for the equation ∂
∂t
uε − ∆uε = W ′(uε), the non-homogenous term satisfies
‖W ′(uε) −W ′(tanh(xn))‖θ ≤ C¯0ε and the standard regularity of the semi-linear para-
bolic equations gives
(4.6) ‖uε − tanh(xn)‖C2,θ ≤ C¯0ε
where C2,θ is the parabolic Ho¨lder norm (see (5.15) for the definition). Also recall in
our notation that a superscript ε means quantities at the original scale where the function
satisfies equation (2.1) and subscript means the quantities of the functions that are scaled
to satisfy equation (2.2).
Since the second fundamental form satisfies AΓε,z,t(y) = (I − zAΓε,0,t(y))−1AΓε,0,t(y),
we have
(4.7) |AΓε,z,t(y) −AΓε,0,t(y)| ≤ |z||AΓε,0,t(y)|2 = O(ε2).
Similarly one computes the error of operators∆Γε,z,t and obtains
(4.8) |∆Γε,z,tφ(y)−∆Γε,0,tφ(y)| ≤ ε|z|(|∇φ|+ |∇2φ|) = O(ε2) + ||φ||C2,θ .
5. DERIVATION OF THE EQUATION AND ESTIMATE FOR TERM II+IV
In this section ,we derive the parabolic analogue of the Toda system obtained in sec-
tion 10 of Wang-Wei [WW19a]. Here we assume single layer convergence of the nodal
sets which come from our entropy bound condition and which substantially simplifies the
equation.
From now on we will drop the subscripts ε in terms if there is no confusion, u(x, t) =
uε(x, t) = u
ε(x
ε
, t
ε2
) are solutions of (2.2) obtained by rescaling a solution of (2.1), the ε
in Γε,z,t, fε,t = fε(·, t),∆ε,z,t etc. will be dropped if it is clear from the context.
Multiply (4.3) by g¯′ and integrate in the spatial direction normal to the nodal sets, we
get
∫ ∞
−∞
g¯′(z)
(
∂
∂t
−∆
)
φdz
=
∫ ∞
−∞
g¯′
(
∂
∂t
−∆Γz,t − ∂2z −HΓz,t∂z
)
φdz
=−
∫
g¯′[W ′(φ+ g∗)−W ′(g∗]) +
∫
g¯′2
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
+
∫
g¯′
[
g¯′′|∇z,th|2
]
+
∫
g¯′η¯.
(5.1)
To obtain improved estimates, we make the following orthogonality condition to offset
the error in vertical direction of the approximate solution φ∫ ∞
−∞
[u(y, z, t)− g∗(y, z, t)]g¯′(z − h(y, t)) dz =
∫
φg¯′ dz = 0.(5.2)
Differentiating once (5.2) in tangential direction (the coordinate y with respect to the
Fermi coordinate) we get
(5.3)
∫
φyi g¯
′dz − hyi
∫
φg¯′′dz = 0.
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Differentiating again we have∫
∂2φ
∂yi∂yj
g¯′ − ∂φ
∂yi
g¯′′
∂h
∂yj
− ∂φ
∂yj
g¯′′
∂h
∂yi
− φg¯′′ ∂
2h
∂yi∂yj
+ φg¯′′′
∂h
∂yi
∂h
∂yj
= 0.(5.4)
And thus ∫
∆Γ0,tφg¯
′
=∆Γ0,th
∫
φg¯′′ − 2
∫ 〈
∂φ
∂yi
,
∂h
∂yj
〉
g¯Γy,0
g¯′′ − |∇Γ0,th|2
∫
φg¯′′′.
(5.5)
Moreover, differentiating the orthogonality condition with respect to time t and inte-
grating by parts, we get
∫
φtg¯
′ =−
∫
φg¯′′
(
− 1√
1 + |∇Σf |2
· ∂f
∂t
− ∂h
∂t
)
=
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)∫
φg¯′′
(5.6)
Finally, we also have
(5.7) ‖h‖k,θ ≤ O(||φ||Ck,θ ).
5.1. The term from II+IV comes out of the integral by the error estimates (4.7), (4.8) and
(5.7).
∫
g¯′2
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
=α
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
+O(ε2) +O(ε||h||C2,θ )
=α
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
+O(ε2) +O(||φ||2C2,θ )
(5.8)
as estimated in Appendix B of Wang-Wei [WW19a], where α is the total energy for the
1-d standing wave.
The additional terms not in Wang-Wei is
∫
g¯′2
(
∂h
∂t
+
1√
1 + |∇Σf |2
· ∂f
∂t
)
=
(
∂h
∂t
+
1√
1 + |∇Σf |2
· ∂f
∂t
)∫
g¯′2
=α · ∂h
∂t
+ α
1√
1 + |∇Σf |2
· ∂f
∂t
+O(ε3)
(5.9)
by the error control in the cutoff g¯ of g in (4).
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5.2. Sup norm of II+IV. By integration by parts and (5.5), (5.6), the equation (5.1) can
be written as ∫ ∞
−∞
g¯′(z)
(
∂
∂t
−∆
)
φdz
=−
∫
g¯′[W ′(φ + g∗)−W ′(g∗]) +
∫
g¯′g¯′′|∇z,th|2
+
∫
g¯′2
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
dz.
(5.10)
And we have
LHS
=
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)∫
φg¯′′ −∆Γ0,th
∫
φg¯′′ dz + O(||φ||2C2,θ )
+O(ε2)−
∫
φzz g¯
′ dz −
∫
HΓy,z,tφ
′g¯′ dz
=
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)∫
φg¯′′ −∆Γ0,th
∫
φg¯′′ dz
+O(ε2)−
∫
W ′′(g¯)g¯′φdz +
∫
HΓy,z,tφg¯
′′ dz +O(||φ||2C2,θ )
=
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)∫
φg¯′′ −∆Γ0,th
∫
φg¯′′ dz
+O(ε2)−
∫
W ′′(g¯)g¯′φdz +HΓy,0,t
∫
φg¯′′ dz +O(||φ||2C2,θ )
=
(
HΓy,0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
−∆Γ0,th
)∫
φg¯′′
+O(ε2)−
∫
W ′′(g¯)g¯′φdz + O(||φ||2C2,θ )
(5.11)
by the expression of the Laplacian in Fermi coordinates (2.11). The change of sign of
the mean curvature term is due to integration by parts and we are able to take the mean
curvature term out of integral is due to the error estimates (4.7).
And we compute
RHS
=−
∫
W ′′(g∗)g′φdz +O(ε2) +
∫
g¯′g¯′′|∇z,th|2
+
∫
g¯′2
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
dz
=−
∫
W ′′(g∗)g¯′φdz +O(ε2) +
∫
g¯′g¯′′|∇z,th|2
+ α
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
+O(||φ||2C2,θ ).
(5.12)
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Combining the above, we obtain
[
∂h
∂t
−∆Γ0,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
] [∫
φg′′ dz)− α
]
+ O(ε2)
=O(ε2) +
∫
g¯′g¯′′|∇z,th|2 dz + ‖h‖2C2,θ
=O
(
ε2 + ‖φ‖2C2,θ
)
.
(5.13)
In the last equality above we used that ‖h‖C2,θ is controlled by ‖φ‖C2,θ by (5.7) and
Cauchy inequality on the middle term. The sup norm estimates is obtained by integration
by parts together with the fact that integral of g¯ and its derivatives are uniformly bounded
independent of ε.
|II + IV |
=
∣∣∣∣∣
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]∣∣∣∣∣
≤O(ε2) + ‖φ‖2C2,θ .
(5.14)
5.3. Holder norm of II+IV. The parabolic distance for 2 points X1 = (x1, t1), X2 =
(x2, t2) ∈ Rn × R is defined by distp(X1, X2) = max(|x1 − x2|,
√|t1 − t2|)
For a function u : Rn×R→ R and an open setW ⊂ Rn×R, we will use the parabolic
Ho¨lder norm defined by
[u]θ;W = sup
X1 6=X2,X1,X2∈W
|u(X1)− u(X2)|
distp(X1, X2)
‖u‖C0,θ(W ) = sup
x∈W
|u(X)|+ [u]θ
‖u(x, t)‖Ck,θ(W ) =
∑
i+2j≤k
‖∂ix∂jtu‖0,θ
(5.15)
In particular
‖u(x, t)‖C2,θ(W ) =
2∑
i=0
sup |∂ixu|+ sup |∂t|+ ‖∂2xu‖0,θ + ‖∂tu‖0,θ(5.16)
Again by rewriting equation (5.1) using the orthogonality conditions (5.5) and (5.6), we
have
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∫ ∞
−∞
g¯′
(
∂
∂t
−∆Γz,t − ∂2z −HΓz,t∂z
)
φdz
=
∫
[∆Γy,0,t −∆Γy,z,t ]φg¯′
+
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)∫
φg¯′′ dz −∆Γ0,th
∫
φg¯′′ dz
+ 2
∫ 〈
∂φ
∂yi
,
∂h
∂yj
〉
gΓy,0
g¯′′ dz + |∇Γ0,th|2
∫
φg¯′′′ dz −
∫
g¯′(∂zzφ+HΓz,t∂zφ) dz
=−
∫
g¯′[W ′(φ+ g∗)−W ′(g∗)] dz +
∫
g¯′2
[
∂h
∂t
−∆Γz,th+HΓz,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
dz
+
∫
g¯′[g¯′′|∇z,th|2] dz.
(5.17)
Further simplification and some integration by parts gives
∫
[∆Γy,0,t −∆Γy,z,t ]φg¯′
+
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)∫
φg¯′′ dz −∆Γ0,th
∫
φg¯′′ dz
+ 2
∫ 〈
∂φ
∂yi
,
∂h
∂yj
〉
gΓy,0
g¯′′ dz + |∇Γ0,th|2
∫
φg¯′′′ dz −
∫
g¯′HΓz,t∂zφdz
=−
∫
g¯′[W ′′(g∗)−W ′′(g¯)]φdz +
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
](∫
g′2 dz
)
−
∫
[HΓz,t −HΓ0,t ]g¯′2 dz +
∫
[∆Γz,th−∆Γ0,th]g¯′2 dz +
∫
g¯′g¯′′|∇z,th|2 dz.
(5.18)
5.3.1. Ho¨lder estimate in space. We will estimate the spatial Ho¨lder norms in (5.18) term
by term.
By the error estimates (4.8)
sup
t∈I
∥∥∥∥
∫
[∆Γy,0,t −∆Γy,z,t ]φ(·, t)g¯′ dz
∥∥∥∥
Cθ(Br(y))
=O(ε|z| sup
t∈I
‖φ(·, t)‖C2,θ(Br(y)))
=O(ε2) +O(sup
t∈I
‖φ(·, t)‖2C2,θ(Br(y)))
≤O(ε2) +O(‖φ‖2C2,θ(Br(y)×I)).
(5.19)
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Since the Ck,θ norms of φ control the Ck,θ norms for h by (5.7), we have
sup
t∈I
∥∥∥∥∆Γ0,th(·, t)
(∫
φ(·, t)g¯′′ dz
)∥∥∥∥
Cθ(Br(y))
≤O(sup
t∈I
‖h(·, t)‖C2,θ(Br(t))) ·O(sup
t∈I
‖φ(·, t)‖C0,θ(Br(t)))
≤O(sup
t∈I
‖φ(·, t)‖2C2,θ(Br(t)))
≤O(‖φ‖2C2,θ(Br(y)×I)).
(5.20)
By (4.6)
sup
t∈I
∥∥∥∥∥
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)
(·, t)
(∫
φ(·, t)g¯′′ dz
)∥∥∥∥∥
Cθ(Br(y))
≤O

sup
t∈I
sup
t∈I
∥∥∥∥∥( 1√1 + |∇Σf |2 ·
∂f
∂t
+
∂h
∂t
)(·, t)
∥∥∥∥∥
2
Cθ(Br(y))

+O
(
sup
t∈I
sup
t∈I
∥∥∥∥
∫
φ(·, t)g¯′′ dz
∥∥∥∥
2
Cθ(Br(y))
)
≤O

sup
t∈I
∥∥∥∥∥ 1√1 + |∇Σf |2 ·
∂f
∂t
(·, t)
∥∥∥∥∥
2
Cθ(Br(y))

+O
(
sup
t∈I
∥∥∥∥∂h∂t (·, t)
∥∥∥∥
2
Cθ(Br(y))
)
+O
(
sup
t∈I
∥∥∥∥
∫
φ(·, t)g¯′′ dz
∥∥∥∥
2
Cθ(Br(y))
)
≤O
(
sup
t∈I
∥∥∥∥ ut|∇u| (·, t)
∥∥∥∥
2
Cθ(Br(y))
)
+O
(
sup
t∈I
∥∥∥∥∂h∂t (·, t)
∥∥∥∥
2
Cθ(Br(y))
)
+O
(
sup
t∈I
∥∥∥∥
∫
φ(·, t)g¯′′ dz
∥∥∥∥
2
Cθ(Br(y))
)
≤O(ε2) +O(‖h‖2C2,θ(Br(y)×I)) +O(sup
t∈I
‖φ(·, t)‖2Cθ(Br(y)))
≤O(ε2) +O(‖φ‖2C2,θ(Br(y)×I)).
(5.21)
Similarly, using (5.7), we get
sup
t
∥∥∥∥∥
∫ 〈
∂φ
∂yi
,
∂h
∂yj
〉
g¯Γy,0
g′′ dz
∥∥∥∥∥
Cθ(·,t)(Br(y))
≤O(sup
t
‖h‖C1,θ(·,t)(Br(y))‖φ‖C1,θ(·,t)(Br(y)))
≤O(sup
t
‖φ‖2C1,θ(·,t)(Br(y)))
≤O(‖φ‖2C2,θ(Br(y)×I)).
(5.22)
sup
t
∥∥∥∥|∇Γ0,th|
∫
φg¯′′′ dz
∥∥∥∥
Cθ(·,t)(Br(y))
≤O(sup
t
‖h‖2C1,θ(·,t)(Br(y)) · sup
t
‖φ‖2Cθ(·,t)(Br(y)))
≤O(sup
t
‖h‖2C1,θ(·,t)(Br(y)))
≤O(‖φ‖2C2,θ(Br(y)×I)).
(5.23)
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Using (4.7), we have
sup
t
∥∥∥∥
∫
HΓz,t∂zφdz
∥∥∥∥
Cθ(·,t)(Br(y))
≤O(ε sup
t
‖φ‖C2,θ(·,t)(Br(y)))
≤O(ε2) +O(‖φ‖2C2,θ(Br(y)×I)).
(5.24)
By the uniform bounds on derivatives of the potential function for values between
(−1, 1)
sup
t
∥∥∥∥
∫
g′[W ′′(g∗)−W ′′(g¯)]φdz
∥∥∥∥
Cθ(·,t)(Br(y))
≤C‖ sup
t
φ(·, t)(Br(y))‖θ · ε
≤O(sup
t
‖φ(·, t)‖2C0,θ(Br(y))) +O(ε2)
≤O(ε2) +O(sup
t
‖φ‖2C2,θ(·,t)(Br(y)×I)).
(5.25)
sup
t
∥∥∥∥
∫
g¯′g¯′′|∇z,th|2 dz
∥∥∥∥
Cθ(·,t)
≤O‖ sup
t
φ(·, t)‖21,θ(Br(t))
≤O‖φ‖22,θ(Br(t)×I).
(5.26)
Again by (4.8) and (4.7)
sup
t
∥∥∥∥
∫
[∆Γz,th−∆Γ0,th]g¯′2 dz
∥∥∥∥
Cθ(·,t)
≤O(ε sup
t
‖φ(·, t)‖C2,θ )
≤O(ε2) +O(‖φ‖2C2,θ(Br(t)×I)).
(5.27)
sup
t
∥∥∥∥
∫
[HΓz,t −HΓ0,t ]g¯′2 dz
∥∥∥∥
Cθ(·,t)
≤O(ε2).
(5.28)
Combining all these above estimates and
∥∥∥∥∥
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
](∫
g¯′2 dz
)
(·, t)
∥∥∥∥∥
θ
=α
∥∥∥∥∥∂h∂t −∆Γ0,th+HΓ0,t + 1√1 + |∇Σf |2 ·
∂f
∂t
(·, t)
∥∥∥∥∥
Cθ(Br(t))
we obtain from (5.18)
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sup
t∈I
∥∥∥∥∥
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
(·, t)
∥∥∥∥∥
Cθ(Br(t))
≤O(ε2) +O(‖φ‖2C2,θ(Br(t)×I))
(5.29)
5.3.2. Ho¨lder estimate in time. Again we estimate the Ho¨lder norm in time term by term.
sup
x∈Br(y)
‖[∆Γy,0,t −∆Γy,z,t ]φ(y, 0)g¯′‖C θ2 (I)
≤O(ε‖φ‖C2,θ(Br(y)×I))
≤O(ε2) +O(‖φ‖2C2,θ(Br(y)×I)).
(5.30)
By (4.6)
sup
x∈Br(y)
∥∥∥∥∥
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)
(y, ·)
∫
φ(y, ·)g¯′′ dz
∥∥∥∥∥
C
θ
2 (I)
≤O

 sup
x∈Br(y)
∥∥∥∥∥
(
1√
1 + |∇Σf |2
· ∂f
∂t
+
∂h
∂t
)
(y, ·)
∥∥∥∥∥
2
θ

+O
(
sup
x∈Br(y)
∥∥∥∥
∫
φg¯′′ dz
∥∥∥∥
2
θ
)
≤O

 sup
x∈Br(y)
∥∥∥∥∥ 1√1 + |∇Σf |2 ·
∂f
∂t
(y, ·)
∥∥∥∥∥
2
θ

+O
(
sup
x∈Br(y)
∥∥∥∥∂h∂t (y, ·)
∥∥∥∥
2
θ
2
)
+O( sup
x∈Br(y)
‖φ(y, ·)‖2θ)
≤O
(
sup
x∈Br(y)
∥∥∥∥ ut|∇u| (y, ·)
∥∥∥∥
2
θ
)
+O
(
sup
x∈Br(y)
∥∥∥∥∂h∂t (y, ·)
∥∥∥∥
2
θ
2
)
+O( sup
x∈Br(y)
‖φ(y, ·)‖2θ)
≤O(ε2) +O(‖h‖2C2,θ(Br(y)×I)) +O( sup
x∈Br(y)
‖φ(y, ·)‖2θ)
≤O(ε2) +O(‖h‖2C2,θ(Br(y)×I)) +O(‖φ‖2C2,θ(Br(y)×I))
≤O(ε2) +O(‖φ‖2C2,θ(Br(y)×I)).
(5.31)
sup
x∈Br(y)
∥∥∥∥∆Γy,·h
∫
φg′′ dz
∥∥∥∥
C
θ
2 (y,·)
≤ sup
x∈Br(y)
‖∆Γy,·h‖2
C
θ
2 (y,·)
+ sup
x∈Br(y)
∥∥∥∥
∫
φg¯′′ dz
∥∥∥∥
2
C
θ
2 (y,·)
≤‖h‖2C2,θ(Br(y)×I) +O(‖φ‖2C2,θ(Br(y)×I))
≤O(‖φ‖2C2,θ(Br(y)×I)),
(5.32)
sup
x∈Br(y)
∥∥∥∥∥
∫ 〈
∂φ
∂yi
,
∂h
∂yj
〉
gΓy,0
g¯′′ dz
∥∥∥∥∥
C
θ
2 (y,·)(I)
≤O(‖φ‖C1,θ(Br(y)×I) · ‖h‖C1,θ(Br(y)×I))
≤O(‖φ‖2C2,θ(Br(y)×I)),
(5.33)
18 HUY THE NGUYEN AND SHENGWENWANG
sup
x∈Br(y)
∥∥∥∥|∇Γ0,th|
∫
φg¯′′′ dz
∥∥∥∥
C
θ
2 (y,·)(I)
≤O(‖h‖C1,θ(Br(y)×I) · sup
x∈Br(y)
‖φ(y, ·)‖
C
θ
2 (I)
)
≤O(‖φ‖2C2,θ(Br(y)×I)),
(5.34)
and
sup
x∈Br(y)
∥∥∥∥
∫
HΓz,t∂zφdz
∥∥∥∥
C
θ
2 (y,·)(I)
≤O(ε · ‖φ‖C2,θ(Br(y)×I))
≤O(ε2) + O(‖φ‖2C2,θ(Br(y)×I)).
(5.35)
By the uniform smallness of deviation in z coordinate (4.7) and (4.8)
sup
x∈Br(y)
∥∥∥∥
∫
[HΓz,t −HΓ0,t ]g¯′2 dz
∥∥∥∥
C
θ
2 (y,·)(I)
≤O(ε2),
(5.36)
and
sup
x∈Br(y)
∥∥∥∥
∫
[∆Γz,th−∆Γ0,th]g¯′2 dz
∥∥∥∥
C
θ
2 (y,·)(I)
≤O(ε2),
(5.37)
sup
x∈Br(y)
∥∥∥∥
∫
g′g′′|∇z,th|2 dz
∥∥∥∥
C
θ
2 (y,·)(I)
≤O(ε2).
(5.38)
And thus similar to (5.29), we obtain
(5.39)
sup
x∈Br(y)
∥∥∥∥∥
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]
(y, ·)
∥∥∥∥∥
C
θ
2 (Br(y))
≤ O(ε2)+O(‖φ‖2C2,θ(Br(y)×I)).
5.3.3. From (5.29, 5.39), we get Ho¨lder estimates for the term II+IV in space-time
(5.40)∥∥∥∥∥
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]∥∥∥∥∥
C2,θ(Br(y)×I)
≤ O(ε2)+O(‖φ‖2C2,θ(Br(y)×I)).
From (5.29, 5.39), we get Ho¨lder estimates for the term II+IV in space time∥∥∥∥∥
[
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
]∥∥∥∥∥
C0,θ(B(r)×I)
≤O(ε2) +O(‖φ‖2C2,θ(Br(y)×I))
≤O(ε2) + σ‖φ‖C2,θ(Br(y)×I)).
(5.41)
where σ = o(1) is a small coefficient since the norm of φ is small. This will be used later
for an iteration argument.
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6. PARABOLIC SCHAUDER ESTIMATES FOR φ AND REGULARITY OF THE LEVEL SETS,
THE PROOF OF MAIN THEOREMS
Rewriting the equation (4.3), we get(
∂
∂t
−∆
)
φ+W ′′(g)φ = g′
(
∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
)
+ g′′|∇h|2 + η¯.
By applying standard parabolic Schauder estimates (see chapter 4 of [Lie96] for refer-
ence) to the above equation, we get
‖φ‖C2,θ(B(r)×I)
≤‖∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
‖Cθ(B(2r)×2I) + ‖h‖2C2,θ(B(2r)×2I) +O(ε2)
≤‖∂h
∂t
−∆Γ0,th+HΓ0,t +
1√
1 + |∇Σf |2
· ∂f
∂t
‖Cθ(B(2r)×2I) + σ‖φ‖2C2,θ(B(2r)×2I) +O(ε2)
(6.1)
where σ < 1 is a small constant.
Combining this with the estimate (5.41) and using an iteration argument, we get
∥∥∥∥∥∂h∂t −∆Γ0,th+HΓ0,t + 1√1 + |∇Σf |2 ·
∂f
∂t
∥∥∥∥∥
Cθ(B(r)×I)
+ ‖φ‖C2,θ(B(r)×I) ≤ O(ε2).
(6.2)
Since the mean curvature satisfies
HΓ0,t = HΓGraphf = −divΣ
(
∇Σf√
1 + |∇Σf |2
)
.(6.3)
We have ∥∥∥∥∥ 1√1 + |∇Σf |2 ·
∂f
∂t
− divΣ
(
∇Σf√
1 + |∇Σf |2
)∥∥∥∥∥
Cθ
≤ O(ε2).
After rescaling back to the original scale we have∥∥∥∥∥ 1√1 + |∇Σf ε|2 ·
∂f ε
∂t
− divΣ
(
∇Σf ε√
1 + |∇Σf ε|2
)∥∥∥∥∥
Cθ
≤ O(ε).
Thus by parabolic Schauder estimates, we have
(6.4) ‖fε‖C2,θ ≤ C
after rescaling back to the original scale and the convergence of fε to fε is in C
2,θ sense.
Proof. (of Theorem 1.1) We essentially already completed the proof of Theorem 1.1 in
the last equation (6.4) obtaining a uniform C2,θ estimate from a uniform enhanced second
fundamental form bound and an entropy bound. This gives a uniform C0,θ norm for the
curvature of the level sets. 
Proof. (of Theorem 1.3) This is the same argument as in the proof of Corollary 1.2 in
[WW19b] where the conditions in Theorem 1.3 imply the conditions (uniform enhanced
second fundamental form bounds) in Theorem 1.1 by a blow up argument. 
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7. PROOF OF CURVATURE ESTIMATES
In this section we prove the a priori bound on enhanced second fundamental forms for
low entropy Allen–Cahn flows.
We begin with an a priori lower bound for the gradients of parabolic Allen–Cahn at
points of phase transition. The enhanced second fundamental formA(u) =
√
|∇2u|2−|∇|∇u||2
|∇u|
makes sense only if the gradient does not vanish.
Theorem 7.1. There exists C > 0 such that if uε is a solution of equation (2.1) and that
the energy density of uε converges with multiplicity α to a smooth mean curvature flow in
U × I ⊂ R2 × R, then
ε|∇uε(0, t)| ≥ C
for sufficiently small ε on compact subsets of U × I .
Proof. Suppose not, then there exists a sequence of εi → 0, a sequence of solutions uεi to
the equation (2.1) with ε = εi such that
εi|∇uεi(0, 0)| → 0
in U × I ⊂ R2 × R.
By scaling, we obtain a sequence of solutions uεi = u
εi( x
εi
, t
ε2
i
) satisfying equation
(2.2) in U
εi
× I
ε2
i
⊂ R2 × R with
|∇uεi(0, 0)| = 0.
After passing to a limit, we obtain a solution u∞ of (2.2) that is defined on the whole
space-time R2 × R, but with
|∇u∞(0, 0)| = 0.
But this contradicts the rigidity of eternal solution to Allen–Cahn flow Theorem 3.2,
and thus we must have a gradient lower bound. 
Now we can prove the curvature estimates in Corollary 1.5.
Proof. Again argue by contradiction. Therefore, assume there exists a sequence εi → 0
and a sequence of solutions uεi to the equations (2.1) inBri(0)× [−r2i , r2i ] ⊂ R2×R with
ε = εi such that u(0, 0) = 0 and
|A(uεi(0, 0))| · ri = Ci →∞
and that
|A(uεi(x, t))| ≤ 2|A(uεi(0, 0))|
for (x, t) ∈ Bri(0)× [−r2i , r2i ] by a point picking argument.
We rescale the sequence of solutions by |A(uεi(0, 0))| and obtain a new sequence
u˜i(x, t) = u
εi
(
x
|A(uεi(0, 0))| ,
t
|A(uεi(0, 0))|2
)
.
where ui satisfies ((2.1)) with ε = εi|A(uεi(0, 0))|.
ui is defined in BCi × [−C2i , C2i ]→ R2 × R and
|A(ui(0, 0))| = 1,
|A(ui(x, y))| ≤ 2, (x, y) ∈ BCi × [−C2i , C2i ].
We have lim supi→∞ εi|A(uεi(0, 0))| < ∞ by the Liouville’s Theorem of linear heat
equations. So there are 2 cases:
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If limi→∞ εi|A(uεi(0, 0))| = 0 after passing to a subsequence, by the improvement
of estimates Theorem 1.1, for sufficiently large i, we have uniform C2,θ bounds, so the
second fundamental form is preserved in the limit.
Therefore the nodal sets of ui converge in C
2,θ to a limit eternal curve shortening flow
with the norm of second fundamental form at (0, 0) being 1. This contradicts the fact that
the only eternal curvature shortening flow with entropy below 2 must be the static flat line.
If limi→∞ εi|A(uεi(0, 0))| = C¯ 6= 0 after passing to a subsequence, then we get a limit
eternal solution to the parabolic Allen–Cahn equation (2.1) with ε = C¯ but with norm of
second fundamental form at (0, 0) being 1. This is a contradiction to the rigidity Theorem
3.2.
So we must have a uniform curvature bound.

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